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Abstract—The approximate load—deflection behavior of a simply supported cylindrical shell subjected to external
pressure is determined for the case where the shell has a dimple shaped initial deflection. This is accomplished
by the use of a *‘two-timing” perturbation expansion applied to the Karman-Donnell shell equations. We
show that if the shell is imperfection-sensitive to an initial deflection in the shape of the linear buckling mode,
then it 1s also imperfection-sensitive to a dimple imperfection. The degradation in buckling load for the dimple
imperfection depends linearly upon the initial deflection amplitude ¢ whereas for the modal imperfection it is
proportional to the two-thirds power of .

1. INTRODUCTION

A NUMBER of important shell structures have their *‘classical” buckling loads greatly re-
duced by the presence of small geometrical imperfections and such shells are said to be
imperfection-sensitive. Koiter’s general theory of elastic stability [1,2] provides a basis
for determining the imperfection-sensitivity of a structure with respect to initial displace-
ments having the same shape as their ‘““classical” buckling mode and a number of shells
have been treated in this way. References can be found in the survey paper by Budiansky
and Hutchinson [3). The question arises as to whether structures that are imperfection-
sensitive to modal initial deflection are also imperfection-sensitive to non-modal initial
deflections. In a recent investigation, Amazigo et al. [4] have shown that the beam on a
nonlinear softening elastic foundation which is imperfection-sensitive to modal initial
deflection, is also imperfection-sensitive to dimple shaped initial deflections. They solve
this problem in two ways; first using the method of equivalent linearization and second a
“two-timing” perturbation expansion technique. Both methods give the same asymptotic
result for buckling load versus initial deflection amplitude for small values of the later
quantity.
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selaer Polytechnic Institute, in part by the National Aeronautics and Space Administration under Grant NGL
22-007-012 and by the Division of Engineering and Applied Physics, Harvard University.
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versity, Cambridge, Massachusetts, during the academic year 1969-70.
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In this paper we will use a two-timing perturbation expansion to obtain the load-
deflection behavior of a simply supported circular cylinder with a dimple shaped initial
deflection subjected to external pressure. Budiansky and Amazigo [5] have shown, using
Koiter’s theory, that these shells are imperfection-sensitive to modal imperfections over
a large range of a geometrical parameter Z = (L?/Rh),/(1 —v?). The present analysis
shows that these shells are imperfection-sensitive to dimple shaped imperfections over the
same range of the parameter Z, but whereas for modal imperfection the loss in buckling
strength is of the order of the two-thirds power of the initial deflection amplitude ¢ in this
case the loss in buckling strength depends linearly upon &. A similar situation was found
in the case of the beam on the cubic foundation [4]. In the Appendix it is shown that an
aiternative perturbation expansion can also be used to obtain the results in [5].

2. KARMAN-DONNELL EQUATIONS FOR CIRCULAR CYLINDRICAL SHELLS

Since the Karman—Donnell equations are fairly well known, we will set down imme-
diately the nondimensionalized form of these equations that form the starting point for
the present analysis. Notice that the linear prebuckling solution of the Karman-Donnell
equations has already been removed from the nondimensional displacement and stress
function, w and f, that appear in these equations which are

VA (140w o = ~(1+ ) H{ES(w, w) + S(wo, w)} (1)

VA~ K(C) fl e+ MG0W o+ Iw ) = — KQOH{S(W, f)+ S(wo, f)} — Gawe s +{Wo ) (2)

where

74

it

62 62 2
(EP+C5F) ) S(P’ Q) = P‘xe,yy_zp,ny,xy'*_P.ny,xx’

and
K(0) = [(1+0) = A +3)) (3)

The nondimensionalization has been carried out with respect to the form of the classical
buckling solution as given by Batdorf [6]. We will now relate the above nondimensional
quantities to the dimensional quantities for a thin shell of length L, radius R and thick-
ness h, made of elastic material with Young’s modulus E, Poisson’s ratio v and bending
stiffness D = Eh®/12(1 —v?), and subjected to an external normal pressure p. If X, Y are
cartesian coordinates in the axial and circumferential direction then they are related to
the nondimensional coordinates x, y by

S @

n T

Y

where the integer n is the number of circumferential buckle waves.
The actual stress resultants are related to an Airy stress function F by

Nx:F.YY’ NyzF,XX’ ny:~F,XY (5)
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and F and the radial displacement W and initial stress free radial displacement W are
related to f, w and w, by

) Eh*L?
F = —3pR(X*+3u 2)+wf (6)
2
= —4pR(X*+4a¥Y?)— DRh K(Q)f, ()
and
= (pR*/ER)(1 —via) + hw, 8)
and
W = hw. )

The first terms in (6)«8) are due to the linear prebuckling solution of the Karman-Donnell
equations and represent a uniform stress field producing a constant radial displacement.
Quantity o takes the value « = 1 if the pressure contributes to axial stress through end
plates, and « = O if pressure only acts laterally. Parameters A,{ and H are defined by

2
A= pL R (10)
-t

When the load parameter A = A, the pressure p = p,., the classical buckling pressure as
given by Batdorf [6]. Thus

Ae = ((4+30) M+ + A%(1+0)77), (13)

where

th\/[12(1—v (14)

and n in expression (11) for { is the integer that minimizes A.. If 4, in (13) is minimized on
the basis of the simplifying assumption that { varies continuously (cf. Ref. [6] for a dis-
cussion of this assumption) then

_4a+9° . _ 1+ -1+

A = =
C 3 +1+a] W +1+a

(15)

With 4, defined by equation (13), the two expressions (6} and (7) for F are of course identical.
It is however convenient to display both expressions since (6) is used in the nondimen-
sionalization leading to (1) and (7) is used in obtaining (2).
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We will also require expressions for bending strains x,, x,, k,, and membrane strains
€, &y, Eyy» Which in terms of dimensional displacements U (axial), V' (circumferential)
and W are

Ex U x (Wx)?

e, Vy+W/R (Wy)?

o | _ MUV (Wl "
Kx —Wxx 0

Ky — Wy 0

Ky —Wxy 0

and the stress—strain relations

N, C C &y
N, vC C g,
II/IX,? - e D D t:: ("
M, vD D K,
M,, (1-v)D| |k,

where M, M,, M, are the dimensional stress couples and C = Eh/(1 —v).

The usual simply supported boundary conditions will be assumed at the ends of the
shell, namely zero normal moment M, = 0, zero circumferential displacement V = 0,
radial displacement W = (pR?*/ER)(1 —v4x) and membrane stress N, = —iapR, at
X =0, L. This leads us, using (5), (16), (17) and the normalization (4), (7) and (8), to the
boundary conditions on w, f which are

f=fu=w=w, =0 atx=0nr (18)

3. “TWO-TIMING” PERTURBATION EXPANSION

The application of the two-timing technique (see, for example [7, 8] for a discussion
of this technique) to this problem follows closely its application to the corresponding
problem for the column in Ref. [4]). We consider the shell to have an initial stress free
radial displacement in the nondimensional form

wolX, ¥) = eWy(y) sin x (19)

where ¢ is a small parameter characterizing the amplitude of the initial deflection and
Wo(y) is defined on the infinite interval — o0 < y < oo to be continuously differentiable
and to satisfy the exponential decay condition

o)l < Me™™ (M3 > 0). (20)

In other words, in order to obtain a solution, we shall have to disregard the fact that the
cylinder is closed and that all functions must be periodic in the circumferential coordinate y.
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This is equivalent to the previously made assumption that { be a continuous variable.
However we require that the displacement w and the stress function f be bounded for
[yl — .

By analogy with the column problem [4] we anticipate that the buckling deformation
will behave in the y coordinate as a periodic function that is slowly decreasing in amplitude
as |y| — oo. This suggests introducing a further length coordinate as independent variable,
this new stretched coordinate being associated with the amplitude decay rate. Following
[4], we introduce the variable z = 5y, where ¢ is a load parameter defined by

n? = 1-2/A 1)

and w and f are now considered to be functions of the three independent variables x, y
and z so that

é il 0
— 4y 22
P is replaced by é‘y+r’ = (22)
and
_ 62 @2 62 2\2 _ 52 62 2
V4 : d o = o 2y 7 - 2 2y 7
is replaced by (8x2 +Cay2 +2n{6yaz+ry Cazz) (V +2;7{ay62+r7 (o
(23)
We use 7 as an expansion parameter, and write
w i Wplx, v, 2)
- Eerfier)
f m=1 fm(x’ ¥, Z)
(A/iJe = Bin+ B>+ By’ + ... (25)

Note, that if
P Pl} Z{Pz}
= + + o, 26
{Q} ”{Ql e, o

S(P, Q) = n*S(Py, Q)+ {S(P, Q2)+ S(P, Q1)
+2(Pl ,yle,xx—Pl.szl,xy_Ql,szl,xy+Ql,szl,xx)}+O('74)-

On substituting from equation (19) for w,, and using relations (21)+27) in equations (1)
and (2), and then equating to zero the coeflicients of successive powers of #, we find that
the first three perturbation equations are

LY(fy,w) =0,

then

(@7

LA(fy, wy) = AL3aWo(y)— {WG(1)] B, sin x, 9
LY fy, ) = "“4%5:; (V)= L+ O H{3S(w,, wi)— B So(w1)},
L3y, w,) = A[5aWoly)— {W(»)]B, sin x (29)
—4( af;(vz +32 W, — HK(O){S(w,, )= B\ So( 1)},
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and
. 02 o 0 [ 82
o 2 . o
LY f5, ws) = —4g5y62(v fz)’%gz*z(v +2CW)f1—(1+€)2H{S(W1=W2)

+ 2(W1.y:W1,xx - Wl.x:wl,xy)_ Bl [SO(WZ) + 2W0(y)wl,y: sin x

+2Wo(y)w, «: €08 x]— B, So(w))5,
LA fy, wa) = A [5aWo(y) — (W §(»)]B; sin x + A (e W, e twr )

é* _ VL o2
—4C6yé’z (V2 + 32w, = 2C F(VZ +2CW+%L wy

_HK(C){S(WI ’f2)+S(fl ) W2)+2(Wl,yzfl,xx—Wl,xzfl,xy
+ fl ,y:wl.xx _fl,xzwl,xy)_ BI(SO(f2)+2WO(y)fI,y: Sin X
+2Wo(¥) f1 x: €08 X)— B3So( f1)]s

where L"), L'® are linear operators defined by

L s W) = V* = (L0 Wyp s
L2 s W) = VWi = K(O) fonx A 30Wpxx + {Wi ),
and
So(P) = —(1/8)S(wo, P)
= Wo(y)P,, sin x +2Wq(y)P,, cos x ~ Wi(y)P,, sin x

d
d—( ).
y
The boundary conditions (18) become

and of course ( ) =

fm:fm,xxzwm:w'm,xx:() atx:()’n

(3D

for terms corresponding to m = 1,2, 3, ... in the expansion (24). Guided by the analyses
in [4], we admit the possibility of jumps in w,,, f,, or their derivativesat y =0and z = 0;
however the physical quantities such as deflection, slope, shear, membrane stresses and
moments must be continuous in y. (They must also, of course, be continuous in0 < x < n
but it is not necessary to invoke this condition explicitly.) Thus w and f and their first
three circumferential derivatives must be continuous so that using (22) and expansion (24)
we have that the following combinations of functions must be continuous in y and z:

um

du,, +6um- 1

dy 0z

u, _0u,_, 0*u,_,

oy? + Oyoz 0z?

3u Pup_ Uy, Pu,_,
m m m m :1 .
o Pane: Ve Toa M= b

(33)
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where

i

uk:OforkSOanduk:{
Wi

},k: 1,2,3,....

We are now ready to solve the perturbation equations (28)«30) successively in the
usual manner. The right hand sides of successive equations are determined by the solutions
of the previous equations, and the coefficients B,, B,, B;,... as well as the differential
equations governing the z dependence of the solutions are determined by eliminating
secular terms (i.e. particular solutions arising from nonhomogeneous terms proportional
to the solution of the homogeneous equations). These secular terms lead to unbounded
solution.

The method of eliminating the secular terms is as follows: we note that the homo-
geneous solution to the operators on the left in equations (28)30), that we will be con-
cerned with in this problem is

— getiyg
f=ae | sin x o4
w=be*¥sinx

with @ = —b and we are concerned with eliminating terms proportional to e*¥ sin x
from the right hand sides of the equations. Let the coeflicient of these terms be Q, and Q,
and write

LY(fiw) =Q, e*?sinx

L2(f,w) = Q,e*?sinx 33
Now, seeking a solution to (35) in the form (34) we find, using (31), that
[(1+02a+(1+0%*]et?sinx = Q, e*¥sin x, (36)
[K(Q)a+ K(()b]e*¥sinx = Q, e* ¥ sin x, (37)
and dividing (36} by (37) gives
(1+0? _ @,
K©Q Q)
or
1+0*Q,—K()Q, =0 (38)
as the condition for suppressing secular terms of this type.
4. SOLUTION OF FIRST ORDER PERTURBATION EQUATION
The real-valued solution of (28) is
fi = [a,(z)e”+a,(z) e” ] sin x +g,(y) sin x 39)

w, = —[a,(z)e?+a,(z)e” ¥]sin x+h,(y) sin x
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where (7)) means the complex conjugate of ( ), the term involving a(z), a(z) 1s the bounded
solution of the homogeneous part of (28), and the last term on the right of (39) is a particular
solution of (28). Thus g,(y), h,(y) (functions of y but not of z) is a particular solution of

dZ 2
(Zd—y—z— 1) g +(1+0D%h () =0
(40)

d2 2 L )
(g-d?q) hy(v)+ K(©)g (W) + ALLRI(9) — 30k (1)] = ~ ALWE(Y) — 3 Wo(p)]B,.

We now 1nsist that g,(y), h,(y) have bounded Fourier transforms

(o)) f jglm} .
- = “yelordy (41)
{m(w)f = Lty g

but admit the possibility of jumps
[¢:(0)] = g,(07)—g,(07), etc.
[h,(0)] = h(0")—h,(07), etc.
Then the transform of (40) is
[ (W +1)? (1+0)? }[gl(w)} _ [al(w)}’ “3)
LIC+H1)? ~ AL +50] [ +1)? = Al +30)] LA
where
ay(w) = C*[g7(0)] - Ciofgi(0)] — (e +2)([g1(0)] - iw(g, (0)]),
Bi(w) = CLT0)] - C2iw[h](0)] = (oL +2) (7, (0)] — iwlh, (0)]) (44)
+ 2 LR O] — iRy (0)]) + Ad0? L + L) B, Wo(w).

When 4, takes on its minimized value (15), the determinant A of the coefficient matrix in
(43) can be factored as follows:

(@ =1 +31+0) —[(wl—l)é+2(1+c..“)]]

45
(@ —=1¢+2(140) ~ A 9

A = Pfw? -1y

[In fact when 4, is given by%13) A has single zeros at w = +1, and when A, is minimized
as in (15) A has double zeros at w = +1.]
Solving (43) by Cramer’s rule we obtain

1
g&ilw) = K{al(w) [0+ 1) =A@ +30]— B{w) (1 +0)?} (46)
. 1
hy(w) = K{ﬁl(w)(wzu 1)? — oy (@) [({ + 1) = AL + 5001} (47)

We note that g(w) and h(w) are analytic in the neighborhood of w = +1 because of the
requirement (20) concerning the exponential decay of W,. Consequently for the absence
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of the double pole at w = +1 we require that

oy (DI +1)2 = A +30)] - B(DA+0)* =0, (48)
and
oG (D +1)2 = A +300] = B (D + 1)* = (1AL + 1), = 0, (49a)
oy (D[ +1)? — A+ 3] + oy (D[4 + 1) — 2200 - Bi(DE +1)* = 0, (49D)
where
s gy e o gél
() = gol and f =g

Equations (48), (49a) and (49b) are not independent, for, if we subtract (49a) from (49b)
and use relation (15) for A, we retrieve (48), thus we have only two independent conditions
for the suppression of the double poles. These two conditions, taken together with the
continuity requirements (33), and equation (44) are sufficient to determine B, and the
jump [a,(0)] in a,(z).

To proceed, we apply continuity relations (33), with m = 1, to the solution (39) at
y = 0 and get

(210)] = —[a,(0)]-[a,(0)] = —[h,(0)],
[£1(0)] = —ila,(0)] +i[a,(0)] = — [k (0)],

(50)
(g1(0)] = [a,(0)]+[a,(0)] = —[A(0)],
(87(0)] = i[a,(0)]—i[a,(0)] = —[h7(0)].
Substituting these relations into (44) and setting w = 1 we find
(1) = =+ 1)4ifa,(0)], 51)

Bi(1) = A{(L+30)B, Wy(1)—2(i[@,(0)]} — (1),
and substituting these into (48) gives
(C+30)(1+0)B, Wy(1) = 0.

Assuming W,(1) # 0 [the case W,(1) = 0 is discussed briefly in the concluding remarks]
and noting that { > 0 we must have

B, =0. (52)
Similarly (49a) [or (49b)] can be used to show that
{34~ 8L+ 1)} [a,(0)] =0
which implies that
[a,(0)] =0 (53)
and hence from (50) and (44)
yw =0, Biw)=0, (54)
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and from (46), (47) and (54)

Therefore

so that finally
fi =[a,(2)e? +a,(z) e ] sin x,

w, = —[a,(z)e? +a,(z) e” ] sin x.

5. SOLUTION OF SECOND ORDER PERTURBATION EQUATION
Substitution of results (52) and (57) into the right hand sides of (29) gives
LY(f,,w;) = —(1+{)*H[a} e*” +a} e"*¥—2a,a, cos 2x],
L2(f,, wy) = A[3aWe(y)— {W§(y)]B, sin x (58)
+2K({)H[a? e*¥ +a} e ¥ —2a,a, cos 2x],

and the solution of (58) contains no secular terms because the terms that are linear in
/1 and w, on the right of (29) satisfy condition (38) identically. The solution of (58) is clearly
similar to the first order solution except for the addition of a further particular solution,
due to the terms proportional to {a? e*” +aZ e~ 2 —24,a, cos 2x] on the right. This par-
ticular solution is similar to that obtained by Budiansky and Amazigo in Ref. [5] for their
second order equations. Thus we write, for the solution of (58),

fo = [ay(z) €” +a,(z) e~ ¥] sin x +g,(y) sin x
+f20(X) +f22 X) [af ey + t_lf e~ Zzy]’

wy = —[ay(z) e” +a,(z) e~ ] sin x + h,(y) sin x

(59)

. . (60)
+wyo(X) +way(x)[a] €2V +a, e 2],

where the first term in (59) and (60) is the solution to the homogeneous equations, g,(y),

h,(y) is a particular solution obtained in the same way as g,(y) and h,(y), and the remaining

terms give the form of the new particular solution.

First, however, we note that g,(y) and h,(y) must satisfy equations (40){(49b) of the last
section, with subscript 1 replaced everywhere by subscript 2. The continuity condition
at y = 0,z = 0 will be different, and we notice that since a,(z) is continuous, the new par-
ticular solution does not enter into it, so applying (33) with m = 2 we obtain

(8200)] = —[a,(0)]—[a,(0)] = —[h;(0)],
(82(0)] = —i[a;(0)] +i[a,(0)] — [a1(0)] - [@,(0)] = —[h3(0)],

(g3(0)] = [a,(0)] +[a2(0)] — 2i[4}(0)] + 2i[a;(0)] = —[h3(0)], ob
[87(0)] = i[a,(0)]—i[a,(0)] + 3[4} (0)] +3[a(0)] = —[hz(0)].
Hence, using (44) gives
ay(1) = —{(C+1)4i[a,(0)] +2¢%{[a1(0)] + 3(@,(0)]} + 2{ {1 (0)] + [, (0)]} 62)

Ba(1) = A{(C+32)B, Wo(1) — 2Lila,(0)] + {([a, (0)] + [@1 (0)])} — (1)
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and condition (48) for the absence of the double pole gives

€+ 1)(C+50)B,Wy(1) = 20%(a;(0)). (63)

(Note, that since Wy(y) is a real function Wy(1) = Wy(—1) and ({+1)({ +3a)B,Wy(—1) =
2¢%[a}(0)].) The other condition for the absence of the double pole, either (49a) or (49b),
can be used to obtain an expression for [a,(0)] in terms of B, and W,(1), however, this
expression will not be required subsequently so we omit it. We have not of course deter-
mined g,(y) and h,(y), but since these terms do not contribute to the secular part of the
solution to the third perturbation equation (30) they are not required.

We find the other part of the particular solution by substituting (59) and (60) into (58)

to obtain the ordinary differential equations for f,, W, f22, W;,, which are
50— (1+0*wso = 2(1+{)*Ha,a, cos 2x 4)
wio+30A W30 — K({)f30 = —4HK({)a,d, cos 2x

and
55— 805, + 1602, —(1+0)ws, = —(1+0)*H

(65)
w3y +(God, — 80w, + (160> —4LA)w,, — K() f3, = 2HK()

where ( ) = %( ).

Except for the normalization and the z dependent factor a,(z) equations (64) and (65)
are the same as equations (38) and (39) of Ref. [5] and are solved in the same way. The
solution of (64) is

[ ]

Wzo = Z alt_lldm Sin mx
m=1,3,5...
1 ® a,d (66)
fyo = (1 +0)?{=Ha,a,(2x* +cos 2x— 1) — 14 in mx
8 m=1,3,5. M
where
d,, = (8A2H/mm)(m* —4)~ Y(m* —1ad m? + A?) " [14+2m*(1 + )~ 2] (67)
and the solution of (65) is
Wiz = Y bysinmx, fi,= Y c,sinmx (68)
m=1,3,5... m=1,3,5...
where
4HA?[2(m*+40*(1+0) "2+ m?]
b, = — 2 212 31 2 2. (69)
am{(m? +40)*[(m? +40)* — dod .m* — 44 )+ A*m?}
and
_ 4H{24%m* —(1+ )*[(m* +40)* — $ad m* — 474 ]} (70)

“m = Tm{(m? +40)2[(m? + 407 — Jadom® —4LA] + A’m*}
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To summarize, the solution of the second order perturbation equation is

fr = [ay(z)€? +a,(z) e ] sin x +(1 +{)*§Ha,a,(2x* +cos 2x — 1)

i d, ; . .
+ X { (1+¢)? alal+[af e’ + g2 2"’]c,,,} sin mx + g,(y) sin x, (71)
m=1,3,5...
w, = —[ay(2)e” +a,(z) e ] sin x
+ Y {aa,d,+(a}e*”+a?e )b} sin mx + h,(y) sin x. (72)
m=1,3,5...

6. ELIMINATION OF SECULAR TERMS IN THIRD ORDER
PERTURBATION EQUATION

Finally, eliminating the secular terms from the solution to the third order perturbation
equations (30) provides a differential equation for a,(z), from which an approximate
load-deflection equation can be obtained.

Let R, and R, be the nonhomogeneous terms in the first and second respectively of
equations (30) that contribute secular terms in the solution. Recall that B, = 0 [equa-
tion (52)], and notice that the terms linear in f,, w, that would contribute secular terms
satisfy (38) identically, and of course terms involving Wy(y), h,(y) or g,(y) do not contribute.
Also, terms proportional to w;w, and w, f; (such as w, ,,w, ,,) do not contribute, so that
finally we need only examine the expressions

o 2 o 2
265—27(V +2ca—y2)f1—(1+5) HS(w,,w,) (73)
and
02
_2Caz ( 2+2C 2+ l)w1+l(}—awl xx+cw1 yy) HK(C){S(Wl,fz)"'S(fl,Wz)} (74)

in calculating R, and R, respectively. For example, in the expression S(w,, w,) = — S(f;, w,)
(because w; = —f{) the term w; , w, . appears and we have that
s ». o . .
Wy eWa ey = —ia; €¥—a e )cosx Y 2imb,[a?e?”—a} e 27] cos mx
m=1,3,5...

+ [non-secular terms (n.s.t.)]

(75)
= —(a?a, e”+ala, e V) 12 ) mb,,[cos(m + 1)x + cos(m — 1)x]
+ (ns.t.) o
and noting that for even integers p
cospx = — sin x — i 4n sin mx (76)

n(p*—1) n=3,5.. n(Pz__nz)’
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we obtain
2= i =2 —iy o 8mbm :
Wy oWa sy = (@13, €7 +a%a,e7%) ) ——T"—sinx+(nst). an
m=1,3,5.. °T(m*—4)

Thus we find that
R, = 2{(1 +3)(a} e? +a] e ) sin x
® 8

+(1+{)*H(a?a, e” +ala,e” ) Y

m=13,5. Tmm?—4) {(m*—4)b, —m?d,}sinx, (78)

and

R, = =2{(1+3{—3A)(a] e”+a} e ?)sin x +({ +3x)A(a, €? +a, e ?)sin x

~K(OH(dia, e"y+a%a1e-"v){(1+c>2§H+ R

m=1,3,5...

- 3

m=1,3,5... nm(m?* —4)

m*+(1+ C)z]d,,,} sin x, (79)

where ( ) = %( ).

Now substituting the parts of (78) and (79) proportional to e* ¥ sin x into (38) we
obtain

(1+0)7"20%a] — ({ +$o)a, — 4 +3a)baia, = O, (80)

and from the parts proportional to e~ sin x we obtain the complex conjugate of (80),
where

b 24 (3 84> 2 [1+2m?(1 +§)~ 22
1=v2 7 AL+ 32 7 =55 mH(m?— 4 (m* —tad m? + A2)

4 i (M*+40)H4A2 (1 + )~ * = 1]+4A4%m*(1 + )" 2 + Jud.m? + 402, 81
B mA{m 407 m? + 407 —Jadm? — 43 ]+ APm®) ®1)

is identical to the same quantity defined by equation (58)1 and plotted in Fig. 3 of Ref. [5].

Hence, a,(z) must satisfy the differential equation (80) for |z] > O together with the
jump relation (63) at z = 0, and a boundedness condition at z = +c0. Equations (80)
and (63) have the same form as the corresponding equations (Equations (53) and (52),
respectively, of Ref. [4]) for the beam on a nonlinear elastic foundation with a dimple
shaped initial deflection, and will therefore be analyzed in the same manner. Thus multi-
plying (80) by a)(z) and adding the result to its conjugate gives

(1+0)7120¥a,a@)) — (( +30)(a,a,) — 2 + 3w)b(aial) = 0. (82
Integrating from 0* to oo, assuming a,(o0) = a}(o0) = 0, gives
(1+0)~20%a,(0")a,(0*) — ({ +3aa; (0)* — 2¢ +3a)bla, (0)* = O. (83)

1 Equation (58) of Ref. [5] contains misprints.
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But note that if a,(z) satisfies (80) in (0%, 0), a,(c0) = 0 and a,(z) is continuous at z = 0,
then a,(— 2) is the solution in (— oo, 07). Hence

@,(0%) = —ay(07) = 3L A(C+ D +32)B, Wo(—1) (84)
with the use of (63). Thus (83) becomes
# 7+ DE+30BW (1) = a,(0)f* +2bla, (0))*. (85)
We can now write down the first terms in the expansions (24) and (25) which are
[ =nla,(z)e” +a,(z) e™]sin x, (86)
w = ~nla,(z)e” +a,(z) e 7] sin x, (87)
Ae = n’AB,, (88)

and introducing a displacement amplitude parameter ¢ = na,(0)] we have from (85) that

B} = 8{2(1+C)“(C+%a)“I%(l)l‘z{:—z+2b:—z}, (89)
and using (88)
(WA EIWHDI? = 8L2(1+0) ™' +32)~ 1(n?6? +2ba*)
= 802(1+ )~ (¢ +30) "' [(1 — 4/A)o? + 2ba*]

using (21). Equation (90) is an approximate relation between load parameter A and dis-
placement parameter o, and if b > 0, A will continue to increase after A reaches A, but if
b < 0, 2 will reach a maximum 1 < A, given by

(90)

% = {1 +{7 I+ DE+H (- bl W (1))}~ oy
& 1={THCH D+ 30 (=) el Wo(L). 92)

As in Ref. [4] we expect that expression (91) for /4, is more accurate than expression (92).
Thus the shell is imperfection-sensitive to the dimple shaped initial deflection [equa-
tion (19)] whenever b is negative, which is also the case for modal imperfections [5].

7. CONCLUDING REMARKS

For purposes of comparison we exhibit the asymptotic relations between 4 and ¢ for
the two types of imperfections, namely localized dimple and modal imperfections.
(i) Dimple imperfection : wg(x, y) = eWy(y) sin x with

W)l < M e, M,a > 0:
1— 1/, =~ BIW,(1)|ed/A, (93)

1 ol |*
B= Z[“b)““)( C+5):|

_ 4(1+)? 72 _ 1+ 0% —1+0a)
¢ 3+1+a 123 +1+0a)

where

2
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and

W) = [ wmerdy

(ii) Modal imperfection: wy(x, y) = &sin ysin x
(1—=1/A) ~ 3—‘:{—3\/(—b)e:l/lc 94)

or
1-7/4, = 32)"}— byted(1/a ).

The dependence of B and (—b)* on Z is plotted in Fig. 1 for lateral pressure (x = 0)
and hydrostatic pressure (¢ = 1) for b negative. It is to be noted that B remains finite as
Z — 0. The degrees of imperfection-sensitivity are governed by B and (—b)! in a manner
given by the plots in Fig. 2. Here 1/4, is plotted against ¢|W,(1)|, and against ¢ for dimple
and modal imperfections respectively.

The result (93) holds for all dimple imperfections for which W,(1) # 0. However it
breaks down if Wy(1) = 0 and it is of limited value if W,(1) is very small compared to Wp(a)

s T 1 T L) 1
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3 .
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c L ' L
1.2 T T T T L
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o) 9’.5 100 05 10
E|Wo (0] &
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for values of a near unity. The breakdown of (93) occurs because in such cases buckling
is triggered by other components of W, besides Wy(1).

Finally from equations (93) and (94) we note that the degradation in the buckling
load due to dimple shaped imperfection is directly proportional to the imperfection
amplitude e, whereas for the modal imperfection the degradation is proportional to &*.
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APPENDIX

Here for completeness we show briefly how the results of Ref. [5] for a modal initial
imperfection may be obtained using perturbation expansion in the load parameter #.
Let us take

wol(x, y) = esin ysin x (95)

[i.e. set W,(y) = sin y in equation (19) and relax condition (20)]. Again we define a load
parameter n as in (21), but in this case it is not necessary to introduce the stretched variable z.
Thus we expand in powers of # as in (24)+26) but drop the z dependence from these ex-
pansions so that the first three perturbation equations are the same as (28)}30) with the
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derivatives of quantities with respect to z set equal to zero. This leads to considerable
simplification of the right hand sides of (29) and (30). With Wy(y) = sin y, equations (28)
become

LY fy, w) =0

(96)
LAY(fy, wy) = A.By({+30) sin y sin x
and the suppression of secular terms gives
B, =0 97
and the solution of (96) is therefore
fi =asin y sin x 08)
wy = —asinysinx
where a is a constant.
Substituting (97) and (98) into the right hand side of (29) we obtain
LY (S, wy) = (14+0)2H}a%(cos 2x +cos 2y)
LA(f,, w,) = A.B,({ +40a) sin y sin x — HK()a*(cos 2x + cos 2y) &%)
and suppression of secular terms gives
B, =0,
If we also note that (99) can be obtained from (58), by setting
a, = %a = —a, (100

so that the particular integral of (99) is given by equations (64)-(70) with the substitution
(100), then finally

, 1 c d
= (1+{)zia2{—H(2x2+cos 2x—1)- Y Ssin mx}
8 m=1,3,5...M
- ( Y  c,sin mx){;a2 cos 2y (101)
m=1,3,5..,
=] K
wy,= Y  4a%d,sinmx— ( Y. b,sin mx)iwz2 cos 2y.
m=1,35.. m=1,3,5..

Finally B, is determined by eliminating the secular terms from the third perturbation
equations. Let R, and R, be the secular terms on the right of the first and second of equa-
tions (30) respectively, then

2a3

— 2 < 2__ —m 3 3
R, =(1+{) Hm=1§,s... —-—-—-—-—-nm(mz_‘;){(m 4)b,,—m*d,,} sin y sin x (102)

R, = A({ +3%)(B;+a)sin y sin x— HK(()(1 +{)*% Ha®sin ysin x
-] 2 3

+HK() . 12:«; ] ;m%—_—_—a—){[l + )% +m?)d,(m* — 4)(b,,— c,,)} sin y sin x. (103)
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Substituting from these two expressions into condition (38) for the suppression of secular
terms and using (3), (67), (69), (70) and (81) we get

B; = —a—ba. (104)
Thus for the modal imperfection (95) the first terms in the expansions (24) and (25) are

S =nasinxsin y

. . (105)
w= —gnasinxsiny
MA)e = —an®—ba*n® (106)
and introducing a displacement amplitude parameter ¢ = —an and using (21) gives
(4/A)e = a(1—A/A)+ba? (107)
or
A, = {1+ba?) (108)
‘ o+e

and from equation (107) we see that if b < 0, 4 will have a maximum value 1 < A, given
by

(-7 = 2La-nin, (109

in agreement with the results of Ref. [5].

(Received 14 August 1970; revised 12 January 1971)

A6crpakT—Onpenensercs npubInkeHHOE NOBEIEHHE HATPy3Ka-Nporub ceo6omHo oneproif, IMIHHAPHYEC-
Ko#t 060JI0YKH, NOABEPKEHHON NEHCTBHIO BHELIEro NABJICHMA, IUIA Clyyas, B KOTOpoM ofosoux EMeeT
HavaspHbIl nporu6 B dopMme BMATHHBI. JTO HOCTHIAETCH MyTE€M HCHONB3OBAHHA ‘‘ABYXCHHXPOHHOTO'’
Pa3IoNEHH BO3MYILIEHHS, IPEMEHEHHOro K ypaBheHusm Kapmana-Jloremta s ob6onovex. IMokasaHo,
410 ecyin 060I0YKa YyBCTBHTEBHA K HENPABWILHOCTAM AJIA HAYANIBLHBX MPOrMGOB, XapaxTepHIOBAHHHIX
dopmoit BOTHOOOPA30BaAHHS NPH JWHEHHOM BBIYYHMBAHHMY, TOIAA OHA TAKXC YYBCTBHTEILHA K HENpPapH-
NBHOCTH THIA BMATHHBI. YMEHbIUEHHE HArpy3KH BHIITYYMBAaHHA R/l HENPABWILHOCTH THNA BMATHHBI
3aBMCHT JIHHEHHO OT aMIUIMTYOBl HAYaNbLHOrO NMporuba e, Toraa xax mis Ciydas MonajibHolt HempaBHITh-
HOCTH OHO MPOIOPLUHANBHO K CTCNICHH 2/3 e.



