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Abstract-The approximate load-deflection behavior ofa simply supported cylindrical shell subjected to external
pressure is determined for the case where the shell has a dimple shaped initial deflection. This is accomplished
by the use of a "two-timing" perturbation expansion applied to the Karman-Donnell shell equations. We
show that if the shell is imperfection-sensitive to an initial deflection in the shape of the linear buckling mode,
then it is also imperfection-sensitive to a dimple imperfection. The degradation in buckling load for the dimple
imperfection depends linearly upon the initial deflection amplitude 8 whereas for the modal imperfection it is
proportional to the two-thirds power of 8.

1. INTRODUCTION

A NUMBER of important shell structures have their "classical" buckling loads greatly re
duced by the presence of small geometrical imperfections and such shells are said to be
imperfection-sensitive. Koiter's general theory of elastic stability [1,2J provides a basis
for determining the imperfection-sensitivity of a structure with respect to initial displace
ments having the same shape as their "classical" buckling mode and a number of shells
have been treated in this way. References can be found in the survey paper by Budiansky
and Hutchinson [3]. The question arises as to whether structures that are imperfection
sensitive to modal initial deflection are also imperfection-sensitive to non-modal initial
deflections. In a recent investigation, Amazigo et al. [4J have shown that the beam on a
nonlinear softening elastic foundation which is imperfection-sensitive to modal initial
deflection, is also imperfection-sensitive to dimple shaped initial deflections. They solve
this problem in two ways; first using the method of equivalent linearization and second a
"two-timing" perturbation expansion technique. Both methods give the same asymptotic
result for buckling load versus initial deflection amplitude for small values of the later
quantity.

t This work was supported in part by the National Science Foundation under Grant GP-9453 with Rens
selaer Polytechnic Institute, in part by the National Aeronautics and Space Administration under Grant NGL
22-007-012 and by the Division of Engineering and Applied Physics, Harvard University.

t Research Fellow in Structural Mechanics, Division of Engineering and Applied Physics, Harvard Uni
versity, Cambridge, Massachusetts, during the academic year 1969-70.
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In this paper we will use a two-timing perturbation expansion to obtain the load
deflection behavior of a simply supported circular cylinder with a dimple shaped initial
deflection subjected to external pressure. Budiansky and Amazigo [5] have shown, using
Koiter's theory, that these shells are imperfection-sensitive to modal imperfections over
a large range of a geometrical parameter Z = (L 2

/ Rh).J(1 - v2
). The present analysis

shows that these shells are imperfection-sensitive to dimple shaped imperfections over the
same range of the parameter Z, but whereas for modal imperfection the loss in buckling
strength is of the order of the two-thirds power of the initial deflection amplitude I: in this
case the loss in buckling strength depends linearly upon 1:. A similar situation was found
in the case of the beam on the cubic foundation [4]. In the Appendix it is shown that an
alternative perturbation expansion can also be used to obtain the results in [5].

2. KARMAN-DONNELL EQUATIONS FOR CIRCULAR CYLINDRICAL SHELLS

Since the Karmtm-Donnell equations are fairly well known, we will set down imme
diately the nondimensionalized form of these equations that form the starting point for
the present analysis. Notice that the linear prebuckling solution of the Karman-Donnell
equations has already been removed from the nondimensional displacement and stress
function, wand f, that appear in these equations which are

where

and

(3)

The nondimensionalization has been carried out with respect to the form of the classical
buckling solution as given by Batdorf [6]. We will now relate the above nondimensional
quantities to the dimensional quantities for a thin shell of length L, radius R and thick
ness h, made of elastic material with Young's modulus E, Poisson's ratio v and bending
stiffness D = Eh3/12(1-v 2

), and subjected to an external normal pressure p. If X, Yare
cartesian coordinates in the axial and circumferential direction then they are related to
the nondimensional coordinates x, y by

Ry
Y=-,

n
X = Lx

n
(4)

where the integer n is the number of circumferential buckle waves.
The actual stress resultants are related to an Airy stress function F by

N xy = -F,xy (5)
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and F and the radial displacement Wand initial stress free radial displacement Ware
related to f, wand Wo by

and

and

W = (pR 2/Eh)(l-v-!-a}+hw,

W = hwo.

(6)

(7)

(8)

(9)

The first terms in (6H8) are due to the linear prebuckling solution of the Karman-Donnell
equations and represent a uniform stress field producing a constant radial displacement.
Quantity ex takes the value ex = 1 if the pressure contributes to axial stress through end
plates, and ex = 0 if pressure only acts laterally. Parameters A,' and H are defined by

pL2R
(10)

A =n2 D'

,= (:~r, (11)

n2h
(12)H=jf'

When the load parameter A = Ac the pressure p = PC' the classical buckling pressure as
given by Batdorf [6]. Thus

(13)

where

(14)

and n in expression (11) for' is the integer that minimizes Ac . If Ac in (13) is minimized on
the basis of the simplifying assumption that' varies continuously (cf. Ref. [6] for a dis
cussion of this assumption) then

A = 4(1 +02

c 3'+ 1+ex'
(15)

With Ac defined by equation (13), the two expressions (6) and (7) for F are ofcourse identical.
It is however convenient to display both expressions since (6) is used in the nondimen
sionalization leading to (1) and (7) is used in obtaining (2).



886 J. C. AMAZlGO and W. 8. FRASER

We will also require expressions for bending strains "x, "y, "xy and membrane strains
Bx , By, Bxy , which in terms of dimensional displacements U (axial), V (circumferential)
and Ware

Bx U,x (~X)2

cy V,y+ W/R (~y)2

cxy !{U,y+ ~x)
+1 ~X~y

"x -~xx 0

"y -~yy 0

"xy -~Xy 0

and the stress-strain relations

N x C vC Cx

Ny vC C By

N xy (1-v)C Bxy

M x D vD "x

My vD D "y
M xy (1-v)D "xy

(16)

(17)

where M x , My, M xy are the dimensional stress couples and C = Eh/( 1- V)2.
The usual simply supported boundary conditions will be assumed at the ends of the

shell, namely zero normal moment M x = 0, zero circumferential displacement V = 0,
radial displacement W = (pR2/Eh)(I-V1IX) and membrane stress N x = -1IXpR, at
X = 0, L. This leads us, using (5), (16), (17) and the normalization (4), (7) and (8), to the
boundary conditions on w,f which are

f = f.xx = w = W. xx = 0 at x = 0, n.

3. "TWO-TIMING" PERTURBATION EXPANSION

(18)

The application of the two-timing technique (see, for example [7,8J for a discussion
of this technique) to this problem follows closely its application to the corresponding
problem for the column in Ref. [4]. We consider the shell to have an initial stress free
radial displacement in the nondimensional form

(19)

where B is a small parr meter characterizing the amplitude of the initial deflection and
Wo(y) is defined on the infinite interval - 00 < y < 00 to be continuously differentiable
and to satisfy the exponential decay condition

(M, y > 0). (20)

In other words, in order to obtain a solution, we shall have to disregard the fact that the
cylinder is closed and that all functions must be periodic in the circumferential coordinate y.
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This is equivalent to the previously made assumption that ( be a continuous variable.
However we require that the displacement wand the stress function f be bounded for
l.vl- 00.

By analogy with the column problem [4] we anticipate that the buckling deformation
will behave in the y coordinate as a periodic function that is slowly decreasing in amplitude
as Iyl - 00. This suggests introducing a further length coordinate as independent variable,
this new stretched coordinate being associated with the amplitude decay rate. Following
[4], we introduce the variable z == 1]Y, where 1] is a load parameter defined by

1]2 = 1-A/Ae (21)

and wand f are now considered to be functions of the three independent variables x, y
and z so that

o 8 0
;\ is replaced by ;\+1];\
uy uy uZ

and

We use '1 as an expansion parameter, and write

Note, that if

then

(22)

(23)

(24)

(25)

(26)

(27)
+ 2(PI.yzQ I.xx - PI.xzQI.XY - QI,xzPI,XY +QI,yzPI,xx)} +0(1]4).

On substituting from equation (19) for wo, and using relations (2IH27) in equations (1)
and (2), and then equating to zero the coefficients of successive powers of 1], we find that
the first three perturbation equations are

L(!)(j~, wd = 0,

V 2)(fI' wd = AJ~(XWo(y)-(W~(y)]BI sin x,

L(l)(f2, w2) = -4( ,,0: (V2fl)-(1 +02Hg-S(w1 , wI)-BISo(wd},
oyuz

V2)(f2, w2) = Alt(XWo(y)-(W~(y)]B2 sin x

8
2

-2 I
4( (1yo/V +2Ac)W I -HK(O{S(w l ,ft)-BISo(fdL

(28)

(29)
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+ 2(w l ,y=W I,xx - WI,x=WI,Xy)- B I[So(Wz)+ 2WO(y)w l ,}.= sin x

+2W~(y)wI ,x= cos x] - BZSO(w l )},

L(Z)(f3' w3) = Ac[!aWo(Y)- (W~(y)]B3 sin x + Ac(!a WI ,xx + (WI ,yy)

v
oz -Z 1 OZ(_z vOZ I)

- 41" oyoz (V + z},Jwz - 2( ozz V + 2~ oyZ + zAc WI

- HK«(){S(w l ,fz) +S(fl ,wZ)+2(w1,yz!l,xx- WI,xz!l,xv

+ II ,yzW1,xx - Il,X=W1,xy) - B1(So(fz) +2Wo(y)Il,y= sin x

+ 2W~(y)Il ,x= cos x) - BzSo(fd},

where L(l), UZ) are linear operators defined by

L(l)(fm, wm) = V4 j~ -(1 + OZwm XX'

L(Z)(j~, wm) = V4wm-K(OIm,xx+AA!awm,xx+(wm,yy),

and

(30)

(31 )

(32)
So(P) = -(1/c)S(wo, P)

= Wo(y)P,yy sin x +2W~(y)P,XY cos x - W~(y)P,xx sin x

and of course ( )' == ~( ),
dy

The boundary conditions (18) become

Im = Im,xx = Wm = wm,xx = 0 at x = 0,7!

for terms corresponding to m = 1,2,3,.,. in the expansion (24), Guided by the analyses
in [4], we admit the possibility of jumps in Wm, Im or their derivatives at y = 0 and z = 0;
however the physical quantities such as deflection, slope, shear, membrane stresses and
moments must be continuous in y, (They must also, of course, be continuous in 0 < x < 7!
but it is not necessary to invoke this condition explicitly,) Thus wand .r and their first
three circumferential derivatives must be continuous so that using (22) and expansion (24)
we have that the following combinations of functions must be continuous in y and z:

eZum+2ezUm_l + azum_z
ayz oyez ez z

~)m + 3 °a3;zma~ 1 + 3a;;az~z+0
3

;;3- 3 (m = 1,2, 3, .. ,)

(33)
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where

Uk = 0 for k ::;; 0 and Uk = {Ik }, k = 1,2,3, ....
Wk

We are now ready to solve the perturbation equations (28H30) successively in the
usual manner. The right hand sides of successive equations are determined by the solutions
of the previous equations, and the coefficients B I , Bz, B 3 , .•. as well as the differential
equations governing the z dependence of the solutions are determined by eliminating
secular terms (i.e. particular solutions arising from nonhomogeneous terms proportional
to the solution of the homogeneous equations). These secular terms lead to unbounded
solution.

The method of eliminating the secular terms is as follows: we note that the homo
geneous solution to the operators on the left in equations (28H30), that we will be con
cerned with in this problem is

I = a e ±iy sin x

W = b e ±iy sin x
(34)

with a = -b and we are concerned with eliminating terms proportional to e±iy sin x
from the right hand sides of the equations. Let the coefficient of these terms be 0 1 and 0z
and write

L(1)(f, w) = 0
1

e±iy sin x

VZ)(f, w) = Oz e±iy sin x

Now, seeking a solution to (35) in the form (34) we find, using (31), that

[(1 +()Za+(1 +(fb] e±iy sin x = 0 1 e±iy sin x,

[K(()a +K(()b] e±iy sin x = Oz e±iy sin x,

and dividing (36) by (37) gives

(1 +()Z 0 1

K(() Oz'

or

as the condition for suppressing secular terms of this type.

4. SOLUTION OF FIRST ORDER PERTURBATION EQUATION

The real-valued solution of (28) is

II = [a l (z) eiy +al (z) e - iy] sin x +gI(y) sin x

WI = - [a l (z) eiy +al(z) e- iY] sin x +hl(y) sin x

(35)

(36)

(37)

(38)

(39)
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(40)

where (-) means the complex conjugate of ( ), the term involving a(z), a(z) is the bounded
solution of the homogeneous part of (28), and the last term on the right of (39) is a particular
solution of (28). Thus gl(Y), hj(y) (functions of Y but not of z) is a particular solution of

(
d2 ) 2

(dy2-1 gl(y)+(1+02h j (y) = 0

(
d2 ) 2

(dy2 - 1 hj(y)+K(Ogj(y)+Ic,[(h';(y)-±aht(y)] = -AA(W~(y)-±aWo(y)]Bl'

We now insist that gl(y), hdY) have bounded Fourier transforms

but admit the possibility of jumps

[gl(O)] = gdO+)-gj(O-), etc.

[hl(O)] = hj(O+)-hj(O-), etc.

Then the transform of (40) is

(41)

(42)

where

C(l (w) = (2 [g';'(O)J - Ciw[g'{(O)] - ((w2( +2)([g'l (O)J -- iw[g 1(0)]),

f3dw) = (2[h'{'(0)J-Ciw[h'{(0)J-((ui(+2)([h'l(0)J-iw[h j (0)]) (44)

+ A,(([h'l (O)J - iw[h l (O)J) + ;.,(w2( +±a)B 1 a~(w).

When A, takes on its minimized value (15), the determinant ~ of the coefficient matrix in
(43) can be factored as follows:

(45)

[In fact when Ic, is given by'13) ~ has single zeros at w = ± 1, and when A, is minimized
as in (15) ~ has double zeros at w = ± I.J

Solving (43) by Cramer's rule we obtain

(46)

(47)

We note that g'(w) and h(w) are analytic in the neighborhood of w = ± 1 because of the
requirement (20) concerning the exponential decay of Wo. Consequently for the absence
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of the double pole at w = ±1 we require that

(48)

and

tX'1(1)[('+1)2_ Ac('+!a)]-{3'1(1)('+1)2_{31(1)4('+1K = 0, (49a)

tX'l(1)[(' + W- Ai' + !a)] +tX1(1)([4'(' + 1)-Ac2'] - {3'1(1)(' + 1)2 = 0, (49b)

where

tX'l(1) = ~~1(Q=1 and {3~(1) = ~~1(Q=1
Equations (48), (49a) and (49b) are not independent, for, if we subtract (49a) from (49b)

and use relation (15) for Ac we retrieve (48), thus we have only two independent conditions
for the suppression of the double poles. These two conditions, taken together with the
continuity requirements (33), and equation (44) are sufficient to determine B1 and the
jump [a1 (0)] in a1(z).

To proceed, we apply continuity relations (33), with m = 1, to the solution (39) at
y = 0 and get

[g1(0)] = - [a1(0)] - [a 1(0)] = - [h 1(0)],

[g'l(O)] = - i[a1(0)] + i[a1 (0)] =- - [h'1(0)],

[g~(O)] = [a1(0)] + [a1 (0)] = - [h~(O)],

[g~'(O)] = i[a1 (0)] - i[a1(0)] = - [h~'(O)].

Substituting these relations into (44) and setting w = 1 we find

tX1(1) = -,(, + 1)4i[a1(0)],

{31 (1) = Ac{(' +!a)B1Wo(1) - 2'i[a1 (O)]} - tX(1),

(50)

(51)

and substituting these into (48) gives

(, +!a)(1 +OB1Wo(1) = O.

Assuming Wo(1) =I: 0 [the case Wo(1) = 0 is discussed briefly in the concluding remarks]
and noting that' > 0 we must have

B1 = o.
Similarly (49a) [or (49b)] can be used to show that

{3Ac'-8'('+1)}[a1(0)] = 0

which implies that

[a1(0)] = 0

and hence from (50) and (44)

(52)

(53)

(54)
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and from (46), (47) and (54)

Therefore

so that finally
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II = [a l (z) eiy +al (z) e -iy] sin x,

WI = - [al(z) eiy +al(z) e- iy] sin x.

(55)

(56)

(57)

(59)

(60)

(58)

5. SOLUTION OF SECOND ORDER PERTURBATION EQUATION

Substitution of results (52) and (57) into the right hand sides of (29) gives

L(l)(f2' W2) = -(1 + ()2H[af e2iy +af e- 2iy - 2a l al cos 2x],

L(2)(f2' W2) = Ac[!-aWo(y)-(W;;(y)]B2sin x

+ 2K(()H[af e2iy +af e- 2iy - 2alal cos 2x],

and the solution of (58) contains no secular terms because the terms that are linear in
II and WI on the right of (29) satisfy condition (38) identically. The solution of (58) is clearly
similar to the first order solution except for the addition of a further particular solution,
due to the terms proportional to [af e2iy +af e- 2iy - 2alal cos 2x] on the right. This par
ticular solution is similar to that obtained by Budiansky and Amazigo in Ref. [5] for their
second order equations. Thus we write, for the solution of (58),

12 = [a2(z) eiy +a2(z) e-iy] sin x +g2(Y) sin x

+I2o(x) +IdxHaf e2iy +af e- 2iy],

W2 = -[a2(Z) eiY +a2(z) e- iy] sin x+h2(y) sin x

+W20(x) +w22(xHaf e2iY +al e-
2iy

],

where the first term in (59) and (60) is the solution to the homogeneous equations, g2(Y),
h2(y) is a particular solution obtained in the same way as g1(y) and hI(y), and the remaining
terms give the form of the new particular solution.

First, however, we note that g2(Y) and h2(y) must satisfy equations (40H49b) of the last
section, with subscript 1 replaced everywhere by subscript 2. The continuity condition
at y = 0, z = 0 will be different, and we notice that since al(z) is continuous, the new par
ticular solution does not enter into it, so applying (33) with m = 2 we obtain

[g2(0)] = - [a2(0)] - [a2(0)] = - [h2(0)],

[g2(0)] = - i[a2(0)] + i[a2(0)] - [a'1(0)] - [a'l(O)] = - [h2(0)],

[g2(0)] = [a2(0)] + [a2(0)] - 2i[a~ (0)] + 2i[a~(0)] = - [h2(0)],

[gi(O)] = i[a2(0)] - i[a2(0)] + 3[a'1(0)] +3[a'l (0)] = - [hi(O)].

Hence, using (44) gives

0(2(1) = - ((( + 1)4i[aiO)] +2(2{[a'1(0)] +3[a'l (O)]} +2({[a'1(0)] + [a/l(O)]}

fJ2(1) = A.c{(( +!-a)B2aro(l)- 2(i[a2(O)] +ma'l(O)] + [a'l (O)])} - 0(2(1)

(61)

(62)
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and condition (48) for the absence of the double pole gives

(63)

(Note, that since Wo(Y) is a real function Wo(1) = Wo(-1) and «( + 1)«(+!a)B2Wo(-1) =
2(2[a'1(0)].) The other condition for the absence of the double pole, either (49a) or (49b),
can be used to obtain an expression for [a2(0)] in terms of B2 and Wo(1), however, this
expression will not be required subsequently so we omit it. We have not of course deter
mined g2(Y) and hiY), but since these terms do not contribute to the secular part of the
solution to the third perturbation equation (30) they are not required.

We find the other part of the particular solution by substituting (59) and (60) into (58)
to obtain the ordinary differential equations for f20' W20, f22' W22 , which are

and

f2~ -(1 +()2W~0 = 2(1 +()2Ha1a1 cos 2x

W~'~+!aAcW~o-K(()f~o= -4HK(()a1a1 cos 2x
(64)

(65)
fi'2-8lf~2+16(2f22-(I+()2w~2 = -(I+()2H

Wi'2 + (!aAc- 8()W~2 +(16(2 -4(A.c)W22 - K(()f~2 = 2HK(()

d
where ( )' = dx( ).

Except for the normalization and the z dependent factor a1(z) equations (64) and (65)
are the same as equations (38) and (39) of Ref. [5] and are solved in the same way. The
solution of (64) is

ex>

W20 = L a1a1dm sin mx
m= 1,3,5 ...

(66)

where

and the solution of (65) is

ex>

W22 = L bm sin mx,
m= 1,3,5 ...

where

ex>

f22 = L Cm sin mx
m= 1,3,5 ...

(68)

and

C = 4H{2A2m2_(1+()2[(m2+4()2_!aA.m2_4(AcJ}
m nm{(m2+4()2[(m2+4()2 -!aAcm

2-4(Ac]+A2m4}'

(69)

(70)
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To summarize, the solution of the second order perturbation equation is

12 = [a2(z) eiy +a2(z) e- iy] sin x +(1 + 02!Ha1a1(2x2+cos 2x-l)

+ m=I~'5 ... {-(I+')2dm;~al+[ate2iY+ate-2i1cm} sin mx+g2(y) sin x, (71)

W2 = -[a2(z)eiY +a2(z)e- iY]sinx

00

+ L {al aldm+[at e2iY +at e- 2iY]bm} sin mx+h2(y) sin x.
m= 1,3,5...

(72)

6. ELIMINATION OF SECULAR TERMS IN THIRD ORDER
PERTURBATION EQUATION

Finally, eliminating the secular terms from the solution to the third order perturbation
equations (30) provides a differential equation for a1(z), from which an approximate
load-deflection equation can be obtained.

Let R 1 and R 2 be the nonhomogeneous terms in the first and second respectively of
equations (30) that contribute secular terms in the solution. Recall that B1 = 0 [equa
tion (52)], and notice that the terms linear in 12' W2 that would contribute secular terms
satisfy (38) identically, and of course terms involving Wo(Y), h2(y) or g2(Y) do not contribute.
Also, terms proportional to WI WI and will (such as W 1,yZW 1,xx) do not contribute, so that
finally we need only examine the expressions

(73)

and

(74)

in calculating R1 and R2 respectively. For example, in the expression S(w1 , w2) = - SUI' w2)
(because WI = -II) the term W 1,xyW2,xy appears and we have that

00

W W = - i(a eiy - a e - iy) cos x ~ limb [a2e2iy - a2e - 2iYl cos mxl,xy 2,xy IlL. mil J
m= 1,3,5 ...

+ [non-secular terms (n.s.t.)]
00

= -(atil1eiY+iltal e- iy) L mbm[cos(m+l)x+cos(m-l)x]
m= 1,3,5...

+ (n.s.t.)

and noting that for even integers p

4. 00 4nsinmx
cos px = - (2 1) sm x - L (p2 2 '

7tp - n=3,5 ... 7t -n)

(75)

(76)
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we obtain

(
2- iy -2 -iy) ~ 8mbm . ( )

WI,xyW2,xy = alaI e +alal e m=I~,5 ... 1t(m2_4)smx+ n.s.t.. (77)

Thus we find that

and

(1 r\2H( 2- iy -2 -iy) ~ 8 {( 2 4)b 2d } .+ + .., alaI e +alal e L. ( 2 4) m - m-m m sIn x,
m= 1,3,5... 1tm m -

(78)

R2 = -2W+3(-!Ac)(a~ eiY+a~ e- iy) sin x+«(+!a)Ac(al eiY+al e- iy) sin x

-K«()H(afa l e
iy

+afal e-iY){(l +()2~H + m= 1~'5 ... 1t~[bm-cm]

- m=I;,S... 1tm(:2_4)[m
2
+(l+()2]dm}SinX, (79)

where ( )' = :z().
Now substituting the parts of (78) and (79) proportional toe+ iy sin x into (38) we

obtain

(80)

(81)

and from the parts proportional to e- iy sin x we obtain the complex conjugate of (80),
where

b 24(2 {3 8A2
00 [1 +2m2(1 +()-2F

1-v2 = A«(+!a) 32-7 = L m2(m2-4)2(m4-!aAm2+A2)c m 1,3,5... c

4 00 (m2+ 402[4A 2(1 + ()-4 -1] +4A2m2(1 +()-2 +!aAcm
2+4(A.c}

- 1t2m=l~,s... m2{(m2+402[(m2+402-!aAcm2-4(AcJ+A2m4}

is identical to the same quantity defined by equation (58)t and plotted in Fig. 3 of Ref. [5].
Hence, al(z) must satisfy the differential equation (80) for Izi > 0 together with the

jump relation (63) at z = 0, and a boundedness condition at z = ± 00. Equations (80)
and (63) have the same form as the corresponding equations (Equations (53) and (52),
respectively, of Ref. [4]) for the beam on a nonlinear elastic foundation with a dimple
shaped initial deflection, and will therefore be analyzed in the same manner. Thus multi
plying (80) by a~ (z) and adding the result to its conjugate gives

(82)

Integrating from 0+ to 00, assuming al(oo) = a~(oo) = 0, gives

(l +()-12(2a~(0+)a~(0+)-«(+!a~a1(O~2- 2«( +!a)blal(O)1 4 = o. (83)

t Equation (58) of Ref. [5] contains misprints.
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(90)

But note that if a1(z) satisfies (80) in (O+, 00), a1(00) = 0 and a1 (z) is continuous at z = 0,
then a1( - z) is the solution in (- 00, 0-). Hence

a'1(0+) = -a'l(O-) = H- 2«(+I)«(+!a)B2Wo(-I) (84)

with the use of (63). Thus (83) becomes

-kC2«(+I)«(+!a)B~IWo(1W = la1(OW+2bla1(0)14
• (85)

We can now write down the first terms in the expansions (24) and (25) which are

f= '7[a1(z) ei'+a1(z) e- i
,] sin x, (86)

w = -'7[a1(z)e i'+ii1(z)e- i']sinx, (87)

A.a = '72AeB2 , (88)

and introducing a displacement amplitude parameter (1 = '7la1(0)1 we have from (85) that

B~ = 8(2(1 + ()-1«( +!a)-11 Wo(1)1- 2{;: +2b;:}, (89)

and using (88)

(AIAye2IWo(1W = 8(2(1 + () -1«( +!a)-1('72(12 + 2b(14)

= 8(2(1 + ()-1«( +tcx)-l[(I- AIAe)(12 + 2b(14]

using (21). Equation (90) is an approximate relation between load parameter A and dis
placement parameter (1, and if b > 0, Awill continue to increase after Areaches Ae but if
b < 0, Awill reach a maximum A< Ae given by

: = {1+(-l[«(+I)«(+!a)(-b)]+eIWo(l)l}-l
e

~ 1-C 1[«(+1)«( +!a)( -b)]+eIWo(1)I.

(91)

(92)

As in Ref. [4] we expect that expression (91) for AlAe is more accurate than expression (92).
Thus the shell is imperfection-sensitive to the dimple shaped initial deflection [equa
tion (19)] whenever b is negative, which is also the case for modal imperfections [5].

7. CONCLUDING REMARKS

For purposes of comparison we exhibit the asymptotic relations between Aand e for
the two types of imperfections, namely localized dimple and modal imperfections.

(i) Dimple imperfection: wo(x, y) = eWo(Y) sin x with

IWo(y)1 < Me-~I,I,M,cx > 0:

I-AlAe ~ BIWo(1)leAIAe (93)
where

B = l[( -b)«(+1)( (+~)r
A = 4(1+()2 Z2 = 1l

4(1+()4«(-I+cx)
e 3(+1 +cx' 12(3( + 1+cx)
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and

Wo(l) = f:oo Wo(y)eiYdy

(ii) Modal imperfection: wo(x, y) = esin y sin x

or

(94)

l-X/)'e ~ 3(2)-t( - b)tet(X/Ae)t.

The dependence of Band (-b)t on Z is plotted in Fig. 1 for lateral pressure (IX = 0)
and hydrostatic pressure (IX = 1) for b negative. It is to be noted that B remains finite as
Z - O. The degrees of imperfection-sensitivity are governed by Band (-b)t in a manner
given by the plots in Fig. 2. Here X/Ae is plotted against eIWo(l)I, and against e for dimple
and modal imperfections respectively.

The result (93) holds for all dimple imperfections for which Wo(l) ¥- O. However it
breaks down if Wo(l) = 0 and it is of limited value if Wo(l) is very small compared to Wo(lX)

6r-----...,---~----.--...,------,--...,

B
3

2

DIMPLE IMPERFECTION
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Lateral Pressure

0~~=::::::::::::::====::t:==:J
I.2r-------r---r----...,..-...,..----r---,
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1.0·"---
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fb)~
0.6
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for values of IX near unity. The breakdown of (93) occurs because in such cases buckling
is triggered by other components of Wo besides Wo(1).

Finally from equations (93) and (94) we note that the degradation in the buckling
load due to dimple shaped imperfection is directly proportional to the imperfection
amplitude e, whereas for the modal imperfection the degradation is proportional to et .
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APPENDIX

Here for completeness we show briefly how the results of Ref. [5] for a modal initial
imperfection may be obtained using perturbation expansion in the load parameter ".
Let us take

Wo(x, y) = e sin y sin x (95)

[i.e. set Wo(y) = sin y in equation (19) and relax condition (20)]. Again we define a load
parameter" as in (21), but in this case it is not necessary to introduce the stretched variable z.
Thus we expand in powers of " as in (24H26) but drop the z dependence from these ex
pansions so that the first three perturbation equations are the same as (28H30) with the
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derivatives of quantities with respect to z set equal to zero. This leads to considerable
simplification of the right hand sides of (29) and (30). With Wo(y) = sin y, equations (28)
become

L(1)(Il, w1 ) = 0

L(2)(f1' W1) = AcB1({ + !a) sin y sin x

and the suppression of secular terms gives

B1 = 0

and the solution of (96) is therefore

11 = a sin y sin x

W1 = -asinysinx

where a is a constant.
Substituting (97) and (98) into the right hand side of (29) we obtain

L(1)(f2' w2) = (l + ()2Hta2(cos 2x+cos 2y)

£<2)(12' W2) = AcB2({ + !a) sin y sin x-HKWa2(cos 2x+cos 2y)

and suppression of secular terms gives

B2 = O.

If we also note that (99) can be obtained from (58), by setting

1 _
a1 = 2ia = -al

(96)

(97)

(98)

(99)

(100)

so that the particular integral of (99) is given by equations (64H70) with the substitution
(100), then finally

12 = (1+021a2HH(2x2+COS2X-I)- m=~,s...~~sinmx}

- L= ~,s... Cm sin mx )ta2 cos 2y (101)

W2 = _ f la2dmSinmx-( _ f bmsin mx)ta2 cos 2y.
m-l,3,S... m-l,3,5'...

Finally B3 is determined by eliminating the secular terms from the third perturbation
equations. Let R 1 and R2 be the secular terms on the right of the first and second of equa
tions (30) respectively, then

OC) 2a3
R 1 = (1 + {)2H m=1~.s ... 1lm(m2_4){(m2-4)bm-m2dm}sinysinx (102)

R2 = Ai{ +!a)(B3+a) sin y sin x- HK({)(l + {)2k Ha3 sin y sin x

OC) 2a3
+HK({) m= 1~,S ... 1lm(m2 -4){[I + {)2 +m2]dm(m

2
-4)(bm-cm)} sin y sin x. (103)
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Substituting from these two expressions into condition (38) for the suppression of secular
terms and using (3), (67), (69), (70) and (81) we get

(104)

(106)

(105)
w = - rfa sin x sin y

(A.IAe)6 = - arf3 - ba3rf3

Thus for the modal imperfection (95) the first terms in the expansions (24) and (25) are

J = rfa sin x sin y

and introducing a displacement amplitude parameter q = - arf and using (21) gives

(107)

or

(108)
q

A.IA.e = -{1 +bq 2}
q+6

and from equation (107) we see that if b < 0, A will have a maximum value A: < Ae given
by

(109)

in agreement with the results of Ref. [5].

(Received 14 August 1970; revised 12 January 1971)

A6c:TpaKT---Qnpe,lleJIJICTCli npH6nHlKcHHoc nOBe,llCHHe H3rpY3K3-npoI'H6 CB060,llHO onepTol, IJ;IIJIIIH,llPH'ICC

Kol o6ono'IKH, nO,llBeplKCHHOA ,llCACTBHIO BHcwcro ,llllBJICHHlI, ,llnlI cny'laJI, B KOTOpoM 000n0'lK RMeeT
Ha'l3JlbHblit npoI'H6 B 4loPMc BMlITHHbI. 3TO ,llOCTHTaCTCIi nyTCM HCnOnb30B3HHlI ",llBYXCHllXpoHHoro"

pa3nOlKCHHlI B03MYW;CHHlI, npHMCHCHHoro K ypaBHcHHlIM KapMllHa-}l;oHeJIJ1a,llnll 060JIO'lCK. nOKll38HO,

'ITO ecnH o6ono'lKa '1YBCTBHTebHa K HcnpaBHnbHOCTliM ,llnll Ha'l3nbHblX npoTH60B, xapaKTepH30BaHHbIX

4loPMoA BonHoo6pa30BaHHlI npH nHHcAHOM BblnY'IHBaHHH, TOr,lla OHa TaKlKC 'lYBCTBHTCJIbHa K Henp8BH

nbHOCTH THna BMlITHHbI. YMCHbWCHHC HarpY3KH BbInY'lHBaHHlI ,llnlI HenpaBHJIbHOCTH THna BMlITHHbI

3aBHCHT nHHcAHO OT aMnnHTYAbI Ha'lanbHOrO nporH6a £, TOr,lla KaK ,llnll CJIY'IlUI MO,llanbHOA HCnpaBHJII>

HOCTH OHO nponopUHanbHO K CTenCHH 2/3 f.


